We developed two new methods for analyzing the fractal characteristics of adsorbents. In the first method, the fractal dimension of the adsorbent is determined based on the Hurst index (H) calculated for the random process of development of the Langmuir isotherm. In the second method, the Langmuir isotherm is calculated from measurements of the random field of the adsorbed molecules. Then the fractal dimension is determined. Using the proposed methods, we calculated the fractal dimensions of samples of xerogel at lowtemperature nitrogen adsorption, lunar regolith sample at a low temperature of krypton and n-heptanes, and water vapour adsorption at ambient temperature.
INTRODUCTION
The fractal dimension characterizes the roughness of a surface by its dimensional exponent. Therefore, a smooth surface has a dimension of two, whereas that of a highly rugged surface approaches three (Mandelbrot 1982) . There are several methods to evaluate gas adsorption isotherms to determine the fractal dimension of solid surfaces (Neimark 1992; Neimark et al. 1994; Staszczuk et al. 2003) . In this paper, we used Langmuir-type isotherms or rather parts with Langmuir isotherm character for this purpose. Regardless of whether a gas adsorption isotherm on a solid can be described completely or not by the Langmuir equation, the solid surface in the isotherm plot mostly represents a convex line asymptotic with the ordinate, relative pressure. This part can be described by the classical Langmuir equation as follows (de Boer 1953):
(1) where a and a m are the current values of the adsorbed amount of a saturated monolayer, p is the equilibrium pressure of the gaseous adsorbate and b is the local equilibrium constant.
The value of local equilibrium constant b of adsorption on a uniform surface or of consequently cooperative effects of the surface layer may remain the same throughout the range 0 < θ < 1. In this case, the adsorption isotherm is described by equation (1). However, in the general case of a heterogeneous surface and a defective surface layer, changes in the local equilibrium constant b occur and equation (1) does not describe the experimental isotherm. In such cases, other model equations are recommended (Rudzinski and Everett 1992; Kutarov et al. 2006) . (1) should be considered as 'disordered media'. The most general phenomenological theory of disordered adsorption media is quasi-thermodynamics (Ono and Kondo 1960) . Fractal theories have also been applied successfully for the analysis of disordered adsorption systems (Avnir 1989; Mandelbrot 1982) . To determine the fractal dimension of the surface D a from the Langmuir isotherm, the following relation is used (Mandelbrot 1982) :
where a m is the saturated monolayer adsorption value, and can be defined based on equation (1), σ is the cross-sectional area of the adsorbate molecules parallel to the surface of the adsorbent, D a is the fractal dimension defined by the results of the adsorption experiment. We assume that D a is independent of the geometry of the adsorbate molecule and that the adsorption of different types of molecules may occur equally. This means that the surfaces may be regarded as equal for different adsorbates. In this case, equation (2) can be used to determine the value D a .
Despite its apparent theoretical perfection, application of equation (2) for practical purposes has many difficulties. Above all, it is very difficult to estimate correctly the cross-sectional area parallel to the surface of a molecule of arbitrary configuration. However, a major obstacle to the correct application of equation (2) for the analysis of experimental data regarding the adsorption of various molecules on the same adsorbent is that different molecules are adsorbed at the same temperature differently. Therefore, an opportunity to estimate the magnitude of D a for one single isotherm seems to be very attractive. The objectives of this study are as follows:
• Developing a method for the calculation of the fractal dimension D a based on the analysis of a single isotherm, usually obtained by adsorption of one single adsorbate. • Developing a method for the calculation of the fractal dimension D a based on the analysis of a single isotherm of molecules adsorbed in a saturated monolayer. • Comparison of both methods.
THEORY
A very effective method for probabilistic modelling of stochastic geometry of rough surfaces is the study of random fields on the structures. In this regard, the physical nature of the random field is not important. In the study of methods of stochastic mechanics of disordered media, defined as realistic models of condensed matter found in nature, it is necessary to choose a possible model of the stochastic geometry, which is considered for the studied random field. In the analysis of stochastic processes, fractal analysis may be subject to various geometric objects associated with the processes taking place at these sites. Therefore, we consider two possible methods for fractal analysis of adsorbent surfaces:
• Adsorption on heterogeneous surface is considered as a random process, whose probability is related to the correlation function, which determines the behaviour of molecules in the adsorbed state. • Molecules in the adsorbed state are treated as a random field set of adsorbed molecules whose dimension characterizes the fractal dimension of disordered structure, which is determined by the random field. The most meaningful approach to fractal analysis is the assumption that the process is generated by a finite-dimensional dynamical system with chaotic behaviour. The trajectory of the system in phase space can be considered as a fractal set (Avnir 1989; Feder 1988; Mandelbrot 1982) . The traditional approach in the analysis of stochastic processes is based on determining the correlation functions, which estimate the moments of the random variable. However, only Gaussian processes are fully described by their second moments. Outside Gaussian processes, complete statistical description is possible only using higher-order moments. At the same time, however, with the increase in order, moments of the random variable become questionable simplified description of stochastic processes based on the use of averages (Kac 1958) . Besides, moments of the random variable of higher orders do not always have a clear physical meaning. Therefore, in non-Gaussian areas, even assessment of a small number of quantities can provide a definite meaning. These values are the fractal dimensions of geometric objects with which a random process is associated.
We will consider adsorption as a random process, the disclosure of which is determined by the behaviour of the conditional probability density function for the generalized phase space coordinates of the ensemble of molecules (Kac 1958) . Let n be the number of adsorption sites occupied on average, and N be the total number of adsorption sites. Adsorption can be considered stationary at a given time by assuming it as a process of dynamic equilibrium (Kac 1958) 
where ω is the frequency of the adsorption process, G(ω) is the Laplace transform of the value of the normalized time factor of conditional probability density classes of adsorption sites. We can consider two variants of behaviour values, namely, (a) Markov random process and (b) non-Markov random process. These variants are explained in the following sections.
MARKOV RANDOM PROCESS
In this case, the value of the normalized time factor decays exponentially with a relaxation time (correlation time τ e ) (Kac 1958) 
The correlation time is taken equal to the lifetime of the molecules in the adsorbed state τ b (Zizischwili 1987). Substituting equation (4) 
where ω is the frequency of adsorption in equation (5) (ω = τ i -1 ) and τ b is lifetime of adsorbate molecules in the bulk phase. The frequency is proportional to the adsorption pressure of the adsorbate in the bulk phase. The lifetime of a molecule in the adsorbed state, ceteris paribus, depends on temperature and is defined as
theory of Langmuir and . Here M is molar mass, T is absolute temperature (K) and R is molar gas constant (de Boer 1953) .
This analogy is strictly defined in Zizischwili (1987) and allows us to write equation (5) in the form of the Langmuir equation (1). In general, the Langmuir adsorption is a non-Markov process. Thus, state-occupied centres affect the probability of unoccupied adsorption centres. In this case, the correlation function using a fractional exponent (the Mittag-Leffler function) gives (Oldham and Spanier 1974) 
where is the gamma function of the argument ; g β (τ) is the Laplace transform and has the following form: (7) From equations (4) and (7), we obtain the following equation of the adsorption isotherm (Kac 1958) : (8) Equation (8) represents following the notation used in the theory of Langmuir:
Equations of this type are well-known in the theory of adsorption as an equation of the Freundlich-Langmuir type (Rudzinski et al. 2001a, b ). An important result obtained by Zizischwili (1987) is determining the physical nature of the exponent β and its relationship with the moments of the random variable. The parameter β depends on the defining moment of the stochastic process in the change of correlation time. According to the model system value, β = 0.5 indicates that the determinant of a random process to describe changes in the correlation time of the adsorbed molecules is a second-order moment. When β = 1, the adsorption process is characterized by the lack of influence of the configuration of the ensemble of molecules in the adsorbed state on the adsorption probability. In this case, equation (9) leads to the Langmuir equation (1).
In general, the parameter β is determined by the moments of the random process of higher order (Zizischwili 1987) . Such a representation of the adsorption process as a heterodynamical model enables us to determine the adsorption isotherm as a fractal curve (Mandelbrot 1982) . In the heterodynamical model system, the pressure of the adsorbate in the bulk phase (р) is identified with the lifetime of the adsorbate molecules in the bulk phase. If the pressure p is chosen as a sequencing variable, the adsorption isotherm can be considered as the graph of a fractional Brownian process in this variable (Mandelbrot 1982) .
Long before the theory of fractals was postulated, Harold Edwin Hurst studied random processes (Hurst 1951) for which the changing of the random variable and its correlation functions can be described by a power law (Feder 1988) . Equations (8) and (6) describe these functions for the adsorption process. In these equations, power law is characterized by the exponent β. The parameter b in equation (9) should be regarded as the parameter of self-similarity of the fractal scaling surface. The fractal surface model was a theoretically proven link between the exponent β in (bp) β and Hurst index for the fractal dimension (Kaplan and Gray 1985) . The exponent β is also introduced in the theoretical description of the fractal adsorption kinetics (Bashiri and Shajari 2014).
For the first time, Mandelbrot defined a wide class of random processes obeying a power law as processes with fractal properties. For the exponent of power law, Mandelbrot chose designation H, in honour of Hurst (Mandelbrot 1986 ). Mandelbrot also established the relationship between H and the dimension of the Cantor set using a factor of similarity transformation and dimension theory. However, a detailed discussion of this is outside the scope of this paper. The general case of fractional Brownian random process is characterized by index 0 < H < 1 (Hurst) (Mandelbrot 1982) . It should be noted that the value of H = 0.5 determines the absence of correlations for a random process (Wiener process). For H = 0.5, it is sufficient to describe the second moment of a random process. In general, the rate of H determines the higher moments of the random process. Thus, we can clearly see the analogy between the parameter β and index H. It should be noted that the value of H is strictly defined as the 'affine parameter'. The self-affine surface was also considered in some studies (Mandelbrot 1982 (Mandelbrot , 1986a . The model proposed for determining the fractal features of a surface (topography) was based on a fractional Brownian surface.
When considering self-affine objects, curves and surfaces, it should be understood that the selfaffine case can be represented as the direct (Cartesian) product extending the simplicity of self-similarity (Mandelbrot 1982) . Then it is possible for the Hausdorff-Besicovitch (D HB ) dimension to be written as follows (Mandelbrot 1986 ):
In the following discussion, the value of D HB will be identified with the value of D a . Now we will determine the fractal dimension of the adsorbate based on the fractal dimension of adsorption in a saturated monolayer. We make a few remarks on the surface structure and a saturated monolayer. For a non-uniform surface, together with regular changes in the interaction energy of the adsorbate molecules with the surface, large irregular variations are caused by irregular surfaces. Let the surfaces of the M n centres have the value of ε n for the potential energy. In general, when moving from one centre to another, the following show changes: (a) ε n ; (b) the size and shape of the centre; (c) the dependence of the energy of the molecule from its position above the centre.
Incorporating all these requirements involves the introduction of additional details, which do not significantly affect the accuracy of the calculations. Therefore, as a rule, conditions (b) and (c) are not taken into account. In the following section, to be specific, when considering condition (b), it is assumed that the adsorption centre is in the form of a square (Steele 1967) . For a non-uniform surface, we can consider two variants of its structure. The surface is a single, homogeneous area, for which the potential energy of interaction of adsorbate molecules with the surface is constant; however, during the transition from one region to another, its value changes abruptly. Another method involves the assignment of an inhomogeneous surface; the centres of each type are distributed randomly over the surface. Such a model is physically more plausible than the model surface consisting of separate, homogeneous regions. A lattice gas model is suitable for explaining systems in which the change in the interaction energy between the adsorbate and the surface is weak/slow and for systems in which there is a rapid change of interaction energy during the transition from one centre to another. The adsorption system in the lattice gas model should be viewed as a lattice of adsorption sites. Adsorbed molecules on a heterogeneous solid surface in the surface monolayer can be ordered and randomly distributed. A chaotic arrangement of the molecules is described by the classical Langmuir equation (1). Orderly arrangement of the adsorbed molecules in the monolayer can form a lattice commensurate and incommensurate with the location of the lattice of adsorption sites. In the case of lattice periods, the lattice commensurate of adsorbed molecules is aligned with the lattice of adsorption sites. In commensurate systems, adsorbed molecules occupy quite clearly defined unit cells in correlation with the topography of the substrate (Prokrovsky and Talapov 1979) . In the following, we consider an ordered commensurate lattice Langmuir adsorption system (in dynamic equilibrium).
Well-known approximation in the theory of adsorption on a rough surface is based on the assumption that such a surface is considered as the sum of homogeneous energy areas (adsorption sites) and integral isotherm for this surface, provided that the integrand is determined by the Langmuir isotherm and is written as (11) where b n = (V 0 /RT)exp(-ε n /RT). Here V 0 is the free volume of the isolated molecule at the centre of the standard, and the value exp(-ε n /RT) is within a constant factor proportional to the probability of finding a molecule at the centre of the nth order (Steele 1967) .
The behaviour of molecules in the adsorption space is given in the framework of the grand canonical ensemble of Gibbs. Thus, the magnitude b n up to a constant factor defines a probability measure, and the pair of values (b n , ϕ n ) determines the random field of the adsorbed molecules. In equilibrium thermodynamics of monolayer adsorption on rough surfaces, the adsorbents show the distributions function ϕ n , which is a function of the distribution of the first order (Steele 1967). Thus, the random field of adsorbed molecules, determined by the pairs of variables b n and ϕ n , is Gibbs random field with a potential of the nearest neighbour. It is strictly shown that the Gibbs random field with a potential of the nearest neighbour is a Markov random set. This class includes a subclass set of random point fields that hold a special place in the statistical mechanics of disordered structures (Massapust 1991) .
We denote the set of adsorbed molecules as Markov random field (π ij ) or M(π ij ). It is set in the metric, the Euclidean space. Let the end portion of the adsorbent surface be a square, which will be considered as the random field of the adsorbed molecules. Let π ij be a (r × r) matrix specifying the Markov random field of adsorbed molecules. Elements of the matrix π ij are given by nonnegative numbers b n . Upon implementing the condition of the rate fixing of matrix π ij per unit constant, factors in the values disappear. In this case, the values of the matrix elements are a credible measure of the random field of molecules, which can be given as follows: where (P ij ) is a stochastic matrix. In this case, to determine the fractal dimension of the random field of the adsorbed molecules, M(π ij ) has the following expression (Billingsley 1965) :
The value dimM(π ij ), determined in accordance with formula (13), is the fractal dimension of the set π ij . It is strictly shown that in this case the dimension of a fractal structure, which is defined as a random field, is calculated using the following formula (Mandelbrot 1982) :
The aforementioned approaches are considered in analysis of the Langmuir adsorption isotherm.
RESULTS AND DISCUSSION
As an example, let us consider the low-temperature adsorption isotherm of nitrogen on a xerogel (Dąbrowski et al. 2005) . The adsorption process in the framework of equation (9) is analyzed. To calculate the experimental adsorption isotherm using equation (9), it is necessary to determine the parameter values a m , b and α. The monolayer adsorption value a m is determined by the standard method (de Boer 1968). To determine the parameters b and α, the Graham function formalism is used (Graham 1953) . According to Graham function formalism, equation (9) is rewritten as follows:
Further, the experimental isotherm is rebuilt in the coordinates of the following form:
The values for parameters in equations (9) and (16) are considered as follows (de Boer 1968): a m = 480 cm 3 /g; b = 50.0; β = 0.55. This equation describes the considered isotherm with a maximum relative deviation δ = + -7.8%. Then, by considering the β as an indicator of H, equation (10) can be written as follows:
According to equation (17), the surface fractal dimension (D a ) is equal to 2.45. Let us now consider the determination of the fractal dimension of the surface of the adsorbent for the fractal dimension of a set of molecules in the monolayer. All calculations will be carried out for the same isotherm, which was used in the analysis of the fractal dimension of the surface equations (9) and (10). Initially, based on the equation (11), the pairs (ϕ n , b n ) of quantities that define the random field of the adsorbed molecules are calculated. The values of parameters (ϕ n , b n )
in equation (11) are determined out according to the method described in detail by Czepivski et al. (2001) . Table 1 shows numerical values of the parameters of equation (11). The table shows that the adsorbent surface under consideration is characterized by four types of adsorption centres, which differ in the amount of energy centre. The data presented in the table should be regarded as integral values. This means that the local equilibrium constant b = 0.145 for a certain fraction of the surface (ϕ = 0.59) is not actually observed in the solid surface portion. On the surface, many small areas distributed randomly over the surface can be allocated, whose total share will be ϕ = 0.59.
The adsorption centre was assumed to be in the form of a square. The surface portion of the adsorbent is defined in the form of a matrix r × r = 20 × 20. From physical considerations, such an organization is a plausible surface when the adsorption sites on the surface are not distributed a lot, but it is in the form of randomly distributed plots of finite size (Steele 1967) . The original matrix r × r = 20 × 20 is then conveniently represented as a block matrix r i × r i = 4 × 4. The number of blocks in the original matrix for each type of adsorption sites in proportion to their shares ϕ n is, respectively, 1-9.44; 2-3.20; 3-1.92; 4-1.44. A larger number of grinding units will be expressed in whole numbers.
In the first approximation, we assume that the number of blocks are integers, for the centres 1-9; 2-3; 3-2; 4-2, respectively. These blocks are distributed on a selected portion of the surface using a random number table (Feller 1950) . This distribution is presented in Table 2 . Using the initial characteristics of adsorption sites shown in Table 1 , we calculate the probability measures for a set of molecules of each block, according to the scheme of equation (12). We then construct a stochastic matrix P ij (Table 3) . Construction of a stochastic matrix and determination of the stationary distribution are carried out using the standard method suggested by (Feller 1950) . Further, according to equation (13), we obtain dimM(π ij ) = 0.53. The commensurate lattice approximation of the adsorbate molecules in the monolayer and the lattice of the adsorbent surface can be written as D a ≈ 2.53. The value of D a calculated using equations (10) and (17) are virtually identical. It should be emphasized that the calculated values of D a characterize the surface fractal.
As an another example, consider the adsorption isotherms of krypton and n-heptane at 77.1 K and that of water vapour at 24 °C on the lunar regolith sample 12,001.922 (Robens et al. 2007 (Robens et al. , 2008 . For these isotherms in the range 0 < p < 0.4p s (p s saturation pressure), the saturation pressure p s passes through the Langmuir adsorption mechanism. Upon applying the isotherms considered in the range 0 < p < 0.4p s of (15, 16, 17) the fractal dimension D а , the following values were obtained: krypton adsorption at D a = 2.05; n-heptanes adsorption at D а = 2.07; water vapour adsorption at D а = 2.15. Based on these results, it can be suggested that the physical properties of the lunar regolith sample are close to those of montmorillonite. In addition, the values of the fractal dimension (D a ) for adsorption of krypton and n-heptanes are similar to those obtained for various montmorillonites (Avnir 1989) . Whereas the D а values for water vapour adsorption exceeded the published data. The adsorption of water vapour at t = 24 °C is followed by hydration reaction, which leads to an increase in the magnitude D a .
CONCLUSION
Determination of the fractal dimension of an adsorbate surface based on surface fractal analysis is conducted using one isotherm. In general, in the analysis of the isotherms, the fractal dimension is uniquely defined as the response function of a geometric object when considering the specific geometry of the set of adsorbed molecules in a saturated monolayer. The determination of the fractal dimension of the molecules in the monolayer is associated with a fairly complex computational procedure. By contrast, the calculation of the parameter β from the experimental isotherm based on the formalism of Graham function formalism is simple and obvious.
